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Coupled XY model systems consisting of 3D systems with disordered interlayer physics are of
significant theoretical interest. We realize a set of coupled quasi-2D layers of 87Rb in the presence of
disordered inter-layer coupling. This is achieved with our high bandwidth arbitrary optical lattice
to obviate restrictions on the dimensionality of disorder with speckle-generated optical fields. We
identify phase crossover regions compatible with the existence of a pair of intermediate Griffiths
phases between a thermal state and the emergence of bulk 3D superfluidity.
I. INTRODUCTION
The intersection of dimensionality and disorder is a
rich area of study in condensed matter physics. The pre-
cise control of disorder available with optical potentials
enables the realization of well characterized disordered
systems with quantum degenerate atomic gases. Optical
speckle has been used to generate disorder for one, two,
and three dimensional systems [1–3], exhibiting Anderson
localization, a disordered BKT transition [4], mobility
edges in three dimensions [5], and emergence of a Bose
glass [6]. Similarly, quasi-disorder provided by incom-
mensurate lattices has been used to realize the Aubry-
Andre´ model in the presence of interactions [7], the role
of quasi-disorder in adiabaticity [8], to study many-body
localization [9], and has been contrasted against uncor-
related disorder in transport [10].
While 2D Bose gases in isolation are well described by
Berzinskii-Kosterlitz-Thouless (BKT) physics [11] (ap-
proximated by the XY model), recent theoretical work
[12–14] suggests rich behavior when layers of such sys-
tems (including stacks of 2D superfluids, cuprate super-
conductors, and planar magnets) are randomly coupled
to one another. They are predicted to exhibit Griffiths
physics [15–17] when the interlayer couplings or layer
thicknesses are subject to uncorrelated disorder. A pair
of phases of matter emerge as the temperature is low-
ered from a nondegenerate state to bulk 3D order (BEC,
magnetization, or superconduction). Each intermediate
phase is a Griffiths phase, with properties dominated by
the most extreme local deviation in the disordered sys-
tem. The first is an anomalous Griffiths phase, a class of
sliding phase [18] that exhibits 2D order (superfluidity,
magnetic susceptibility, or superconduction). The second
is a semi-ordered Griffiths phase where order appears in
the third dimension. (Magnetic Griffiths phases have re-
cently been observed in bulk metal alloy systems [19, 20],
but not in anisotropic systems.)
References [12–14] employ the phase stiffness ρxs along
a direction ex to characterize the Griffiths phases. Phase
stiffness is a measure of the energy required to impose a
phase difference φx between two ends of a finite system.
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As a function of system size L and system energy E, the
phase stiffness is defined as
ρxs =
1
L
d2E(φx)
dφ2x
. (1)
While a computationally convenient parameter, it is not
easily measurable in experimental atomic systems. Al-
though it is possible to measure the critical velocities of
superfluids [21], these disordered systems are predicted
to have very small superfluid fractions and critical veloc-
ities over much of the phase diagram. Instead we use an
analysis of the fluctuations in large data sets of time-of-
flight (TOF) momentum distributions to gain informa-
tion about the phases as a function of temperature and
lattice depth.
We associate the appearance of a Thomas-Fermi-like
distribution in the two in-plane dimensions (p‖) paired
with a thermal distribution in the third (p⊥) with a 2D
superfluid transition at ∼200 nK. As we decrease the
temperature we observe the emergence of discrete modes
in fluctuation correlations along p⊥ [22], which may char-
acterize the expanding length-scales of superfluid puddles
in the anomalous Griffiths phase. Finally we interpret the
suppression of zero momentum atomic density fluctua-
tions at our lowest temperatures with the Bose statistics
of macroscopically occupied non-local state, an observa-
tion consistent with 3D superfluidity.
II. EXPERIMENTAL APPROACH
We study this system using optical potentials gener-
ated for a cloud of ultracold 87Rb. After initial loading
and cooling, the atoms are held in vacuum by a pair of
optical tweezers. There they are subjected to a disor-
dered 1D optical potential from a novel optical lattice
generation system. They are further cooled via optical
evaporation to temperatures from 10 to 250 nK. This
temperature range spans both thermal and degenerate
states of the atomic cloud. After some evolution time in
the lattice, we release the atoms from all optical fields
to expand ballistically. They form a position distribu-
tion determined by their momentum distribution at the
time of release. This is repeated many times, allowing
us to study statistics of the measured momentum distri-
2i i-1
i
i i  2
Rare 
Region
T>TBKT
T<TBKT
P
P
802 nm + 140 MHz
802 nm + 270 MHz
1.21
FIG. 1. We engineer a stack of superfluid pancakes with a
set of phase-stabilized shallow-angle lattices formed by our
HiBAL. Its set of phase-stabilized parallel beams is focused
through an aspheric lens to create the 1D disordered opti-
cal potential. The local minima have different depths, which
generates a local phase space density for each pancake. Inter-
plane hopping Ji,j is subject to disorder as well, matching our
system most closely with Ref. [12].
butions. Each part of this process is discussed in more
detail below.
We create degenerate gases of 87Rb using a hybrid
magnetic trap-optical dipole trap [23], which then loads
into a dipole trap whose waist is translated 30 cm into
a science chamber. The atoms are finally loaded into a
crossed 1550-nm dipole trap and disordered optical lat-
tice, and evaporatively cooled in the F = 1, mF = −1
state. Final trapping frequencies (ν‖, ν⊥) are E/2pi~ =
(100.0, 20.0) Hz at our lowest temperatures and (126.5,
25.3) Hz at our highest.
Evaporation begins with a non-degenerate cloud in the
presence of our High Bandwidth Arbitrary Lattice (Hi-
BAL) (see Fig. 1). (Disorder generated using optical
speckle necessarily includes variations along the propa-
gation direction [24], so the HiBAL was developed to
provide the desired potentials.) We Fourier synthesize a
potential U =
∑
j Ajsin(kjx + φj) from multiple optical
lattices spanning two octaves of spatial frequencies. We
produce a time-averaged disordered 1D optical potential
using 802-nm light with a set of seven shallow angle lat-
tices of incommensurate period ranging from 1.21 µm to
4.70 µm. The 1.21 µm (base) lattice is phase stabilized
to an rms of 6(1) mrad with a Mach-Zehnder interferom-
eter and a piezo-electric transducer-mounted mirror. We
confirm the co-stability of the other optical lattices to our
base lattice and our atoms through our diffraction limited
0.5 NA, 22.8x microscope to 19(3) mrad rms. Each lattice
pulse is 300 ns in duration. The longest delay between
base lattice pulses is 600 ns, and the pulse sequence repe-
tition rate is 3 µs. We use two disordered lattice depths,
labeled by the base lattice depth (2.8 kHz and 5.6 kHz).
The summed average depth of all seven lattices is 3 times
deeper, with an rms deviation equal to the base lattice
depth. Our deeper base lattice depth corresponds to 14
effective recoil energies (ER/2pi~ = 0.4kHz). The rapid
pulse rates of our lattices compared to their energy gaps
puts us well within the time-averaged potential limit. We
observe no differences in heating or TOF images between
constant and stroboscopic lattices, thus do not need to
consider Floquet physics effects. Shot-to-shot variation
in the position of our harmonic 1550-nm trap is sub-µm,
and the fastest systematic drift during evaporation is 6
µm/s, which corresponds to energies too small to drive
excitations.
The quasi-2D regime in cold gases is reached when
the fractional occupation of out-of-plane excited states
in an effective, local harmonic oscillator is small. This
occurs when the thermal energy scale kBT is smaller
than the harmonic oscillator level spacing ~ω, or alter-
natively when the thermal deBroglie wavelength λdB is
larger than the spatial extent
√
2piaz where az is the har-
monic oscillator length [11]. As described above, our dis-
ordered lattice has sites with varying depths. For our
mean site depth of the shallow lattice (3 · 2.8kHz =
8.4kHz) together with the base lattice spacing, we have
kBT/(~ω⊥) ≤ 1 for T ≤ 250nK, putting us in the quasi-
2D regime throughout.
In this regime, our time-averaged Hamiltonian under
the local density approximation is
Hˆ =
∑
i

 pˆ
2
‖
2m
+ Vi −

∑
j
1
2
Ji,jψ
†
iψj

 + g˜iψiψ†i+
1
2
mω2i
(
x2 + y2
)

 (2)
where pˆ2‖/2m is the in-plane kinetic energy, Vi is the lat-
tice well depth, Ji,j is the hopping strength between two
lattice sites i and j, g˜i is the scaled quasi-2D self-energy
term for each pancake, ωi is the in-plane trapping fre-
quency, which includes small variations due to the disor-
der [25].
We prepare gases ranging in temperature from 250 nK
down to 25 nK in our lattice potentials. The relative
phases of our component lattices are arbitrarily tunable.
We chose two sets of relative phases to create two differ-
ent optical potentials with similar statistics. We observe
no difference in the results between the two potentials,
confirming that our atom cloud is large enough (greater
than 70 pancakes) to average over the disorder. Each
data set contains two different hold times, 200 ms and 4
s, which show no statistical difference, indicating equilib-
rium.
We levitate our atoms during 47 ms of TOF with the
use of a gravity-canceling magnetic coil with a microsec-
ond switching time to resolve the momentum distribu-
tions n(p‖, p⊥). Gross-Pitaevskii simulations show our
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FIG. 2. An example image from a 112 nK cloud in our 2.8
kHz lattice, shown together with the distributions n⊥ and
n‖ for that image. Momenta are given in units of the recoil
momentum of our shortest period lattice, p1.2. The bimodal
fit to n‖ is displayed as a solid red line, with the thermal and
coherent parts of the fit displayed separately as a blue dot
dashed and orange dotted lines, respectively.
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FIG. 3. The fraction of atoms in the Thomas-Fermi distri-
bution, fTF , is plotted as a function of temperature. The
shallow lattice is plotted with red +’s, and the deep lattice
with blue x’s. Error bars are the standard deviations of the
fractions in each bin, and a typical bar is shown near the
center for each lattice depth. We remove a baseline value of
0.054, a fit artifact, from the Thomas-Fermi fraction. fTF is
consistent with zero at high temperatures, but increases to
finite values as early as 200 nK, establishing ρ
‖
s > 0 below
200 nK.
distributions along the disordered direction, p⊥, are mini-
mally distorted by interactions during the expansion due
to the rapid expansion of each atomic plane. We con-
clude that our TOF distributions faithfully represent the
momentum distribution along the disordered direction.
III. ANALYSIS
The trapping energies along the disorder and in-plane
differ by over a factor of 85, causing each direction to
expand at very different rates. The expansion from the
tightest direction of confinement will quickly reduce the
local density, preventing any interactions that might have
otherwise coupled p‖ and p⊥ during the ballistic expan-
sion phase. Therefore we treat their momentum distribu-
tions as separable. We focus on the in-plane and longitu-
dinal momentum distributions, n‖(p) =
∑
p⊥
n(p‖, p⊥)
and n⊥(p) =
∑
p‖
n(p‖, p⊥). At high temperatures
n(p‖) is a Gaussian. As the temperature drops a bi-
modal distribution emerges, a thermal distribution plus
a Thomas-Fermi-like distribution as expected after ex-
pansion [26]. An example image is shown in Fig. 2.
We apply a bimodal fit to n(p‖) for every cloud, from
which we can extract the total number in the distribu-
tion N and the number in the Thomas-Fermi part NTF .
The Thomas-Fermi fraction (Fig. 3) is then computed as
fTF = NTF /N − 0.054, corrected for an experimentally
determined fit offset. At low temperatures, the thermal
distribution becomes comparable in size to the Thomas-
Fermi part, causing the fit to underestimate fTF . Both
lattice depths show the emergence of a Thomas-Fermi
fraction in n(p‖) near 200 nK. This corresponds to a co-
herent part and finite in-plane phase stiffness. We iden-
tify this as the onset of the BKT transition in isolated
pancakes. We expect little difference in the BKT tran-
sition temperature between the two lattice depths; the
band gap and the compression of the planes scale weakly
with lattice depth in our relatively shallow lattices.
At lower temperatures coherence between planes
emerges in the form of interference effects in n⊥(p). Iden-
tically prepared clouds look radically different from one
another in TOF (see Fig. 4 for example images). The
average of images at the same conditions is featureless,
as shown in Fig. 5, so useful information is contained
in the fluctuations. Inspired by Feng, et al.’s success
in identifying phases of matter in 1D Bose gases [27],
which exhibit strong phase fluctuations, we apply sim-
ilar analysis to our data. We normalize our distribu-
tions to
∑
p n⊥(p) = 1, sort them into 25 nK bins and
calculate the average distributions n⊥(p, T ). We then
calculate the deviation of each cloud from the average
for its bin, δn⊥,i(p, T ) = n⊥,i(p, T ) − n⊥(p, T ), and
calculate the two-body fluctuation correlation function
αi(pa, pb, T ) = δn⊥,i(pa, T )δn⊥,i(pb, T ). The averages
of those quantities, α(pa, pb, T ) are displayed in Fig. 6.
Along a line from lower left to upper right is the fluc-
tuation power spectrum α(p, p, T ). From upper left to
lower right is the opposite-momentum power spectrum
α(p,−p, T ). Fig. 7 normalizes the latter by the former,
and is a measure of fractional correlations of opposite
momenta, β = 2α(p,−p, T )/[α(p, p, T ) + α(−p,−p, T )].
Together these show qualitative changes as a function of
temperature and lattice depth. In concert with our mea-
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FIG. 4. A random sampling of images at a few temperature
ranges in our 2.8 kHz lattice. (top) 200-225 nK, (middle)
100-125 nK, (bottom) 25-50 nK.
−202
p⊥/p1.2
−1
0
1p
‖
/
p
1
.
2
−2 0 2
p⊥/p1.2
0.0
0.5
1.0
n
⊥
/
m
a
x
(n
⊥
)
FIG. 5. The (left) average density profile for shots in the 2.8
kHz potential with temperatures between 25 nK and 50 nK,
and (right) n⊥ for the same conditions. Neither shows any
structure, despite the wide variation seen in Fig. 4.
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FIG. 6. We display the mean fluctuation corrections of the
momentum, α(pa, pb, T ) at decreasing temperatures in panels
(a)-(i), with the color scale in each panel normalized to the
maximum αmax. The features at the edge of the panels are
artifacts of our normalization scheme. The temperature bins
are 25 nK wide, and range monotonically from 225-250 nK
in panel (a) to 25-50 nK in panel (i). Note the emergence
of distinct momentum peaks in opposite momenta, which do
not correspond to the sublattice recoil momenta. The longest
length-scale resolved is 10.9 µm.
surement of in-plane coherent fraction, we identify those
differences with a set of phases of matter.
Our atomic gases are finite in size and harmonically
trapped in all three dimensions. While disorder plays a
strong role in the onset of superfluidity in each pancake,
our harmonic trap favors emergence of order from its cen-
ter. Consequently there are likely multiple phases of mat-
ter in most of our temperature bins. The 2.8 kHz lattice
exhibits several competing varieties of correlation in α as
a function of temperature. Isotropic thermal correlations
dominate along the lattice between 250 and 175 nK as
seen in Fig. 6(a)-(c), when the coherent fraction in-plane
is insufficient to give rise to interference effects. The lack
of any structure in the normalized correlations β is ap-
parent in Fig. 7(a). The apparent nonzero correlations in
the thermal state derive from the finite width of the tem-
perature bins. Colder clouds have smaller rms widths,
and vice versa, so fluctuation amplitudes are symmetric
about p⊥ = 0 and nonzero. The thermal nature of the
correlations imply that ρ⊥s = 0. Below 200 nK, we be-
gin to see the growth of a coherent fraction in Fig. 3,
implying that ρ
‖
s > 0. Concurrent ρ⊥s = 0 and ρ
‖
s > 0
constitute evidence of a sliding phase, a phase exhibiting
2D superfluidity in a 3D bulk, consistent with an anoma-
lous Griffiths phase [12–14].
Correlations in our 2.8 kHz lattice begin to exhibit
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FIG. 7. Normalized p,−p correlations β =
2α(p,−p, T )/[α(p, p, T ) + α(−p,−p, T )] for (a) the 2.8
kHz and (b) the deeper 5.6 kHz lattice. Thermal correlations
persist to lower temperatures in (b) than (a), despite similar
coherent fraction as seen in Fig. 3.
structure below 175 nK as seen in Fig. 6(d). We use a
multi-peak Gaussian fit as a generic localized distribution
to analyze our β distributions. Strong positive correla-
tions in (p⊥,−p⊥) emerge around p⊥ = 0, and momenta
corresponding near wavelengths of 2.4, 3.0, 4.9 and 10.8
µm. The 4.9 and 10.8 µm modes blend together into one
broad peak at temperatures below 50 nK, as do those
at 2.4 and 3.0 µm, and at our lowest temperatures 3.0
µm correlations are suppressed. These emergent length
scales are distinct from the periods composing our disor-
dered potential (1.21, 1.37, 1.58, 2.02, 2.50, 2.79, and 4.70
µm). Both the momenta peaks in the correlation spec-
tra and the lattice recoil momenta were measured with
the same optical system, thus there is no scale-factor un-
certainty between the two. There is a peak in β nearby
the 2.50 µm lattice. However, there is nothing special in
our potential about this component, for it is neither the
shortest nor the longest period in the potential, and its
amplitude and phase are chosen in the same manner as
every other component. The correlations on the 4.9 and
10.8 µm length scales are larger than any imposed by our
disorder. We do not see any peaks in α corresponding to
the recoil momenta of the four lattices with the smallest
periods.
While correlation peaks may emerge in completely in-
coherent lattice systems due to uncorrelated phase noise
[28, 29], this does not explain our results. We confirmed
this with a simple 1D single-particle simulation of nonin-
teracting thermal distributions in our disordered lattice,
which did not match our results. The simulations show
correlations at low temperature, which depend on choice
of relative phases, exist for each sub-lattice below 50 nK,
and emerge first in high momentum states. In contrast,
experimentally observed correlation peaks are evident at
higher temperatures (∼ 175 nK), only occur at a few
momenta, and emerge first at low momentum.
The length scales of fluctuations depend on two fac-
tors. Firstly, the lattice imposes structure on the coher-
ent fraction; secondly, the temperature determines the
size of coherently connected lattice sites (“puddles”) and
the distances between them. As the temperature is low-
ered, the system transitions to a fully connected puddle
and lowering the temperature further has no effect. We
attribute this transition to the population of many-body
phonon modes as more pancakes undergo the BKT tran-
sition, leading to larger superfluid puddles and increasing
overall coherent fraction. This is the process described by
[12], as the anomalous Griffiths phase proceeds towards
the superfluid transition with decreasing temperature.
This structure first emerges as peaks in Fig. 6(d), and
then settles to its final forms in 7(a) below 100 nK. As
mentioned, we interpret the settled form of β below 100
nK as the establishment of complete connectivity. This
suggests that below 100 nK the system has crossed over
to a Griffiths superfluid phase from an anomalous Grif-
fiths phase. While we cannot measure phase stiffness
directly, we expect it to be quite small in this regime
[12, 14].
The same trend can be seen in the 5.6 kHz lattice data
in Fig. 7(b), but at much lower temperatures, despite the
coherent fraction’s concurrent growth with the 2.8 kHz
lattice. The disordered lattice in this data set is twice
as deep, so we would expect the most depleted pancake’s
phase space density, and thus transition temperature, to
drop by 1/e, and we see no evidence it ever leaves the
sliding phase.
At temperatures below 70 nK, in our 2.8 kHz lattice,
we observe a drop in the fluctuation power spectrum
α(p, p) at p = 0, as shown in Fig. 8. Its contrast in-
creases with decreasing temperature. We take this as
evidence of the suppression of fluctuations due to Bose
statistics of a macroscopically occupied, nonlocal state.
This is consistent with the onset of finite phase stiffness
along the disorder. We find it difficult to draw a clear line
between a superfluid Griffiths phase and a full 3D super-
fluid. The literature does not discriminate between the
two phases using parameters accessible with our system
[12, 13], and Ref. [14] does not identify a distinction. If
there are two such distinct phases, this macroscopically
ordered region is likely the latter.
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FIG. 8. Displayed are the square fluctuations α(p, p) for a
few choices of temperature in our 2.8 kHz lattice. A drop in
fluctuations at p = 0 emerges below 70 (±2.5) nK.
IV. CONCLUSION
Using our HiBAL we engineered a novel optical field
isotropic in 2D and disordered in the third dimension.
We explored the phase diagram of a previously unreal-
ized class of disordered system. The momentum distribu-
tions of individual realizations vary wildly, thus we exam-
ined noise correlations as our experimental measure. Al-
though we cannot directly measure phase stiffness, (the
primary parameter calculated theoretically) we observe
trends with temperature consistent with the predictions
of this Griffiths system. At high temperatures, distri-
butions show no coherent (low momentum) features in
plane and no correlations out-of-plane. As the tempera-
ture lowers, a low momentum (Thomas-Fermi like) fea-
ture appears in plane, suggesting superfluidity in plane,
while the out-of-plane correlations are still absent. At
even lower temperatures, coherence between planes be-
comes apparent as a p⊥ = 0 peak in the out-of-plane
correlations appears along with correlation features at
non-zero momenta. Notably we observe discrete momen-
tum peaks in the correlations unrelated to the momen-
tum components of the disordered lattice. This sug-
gests local correlations as some regions within the dis-
ordered potential become phase coherent, which is char-
acteristic of the anomalous Griffiths phase. Finally, be-
low 100 nK the noise correlations change little, suggest-
ing full three-dimensional superfluidity (or at least co-
herence), although the correlation function is still quite
different than a superfluid in a lattice without disorder.
At a deeper lattice potential, similar phenomena are ob-
served although the onsets are at lower temperatures,
as might be expected as the disorder is better able to
prevent coherence build-up. Direct comparison with the-
ory is needed to fully understand this disordered system,
and given experimental limitations, would require calcu-
lations beyond phase stiffness.
Our HiBAL is a flexible platform capable of generating
arbitrary sets of optical lattices over two spatial octaves
with phase, amplitude, and wavevector control at MHz
frequencies. It will enable a large set of experiments,
from transport measurements in disordered systems and
the production of Hamiltonians for the study of Floquet
physics, simultaneous with Bragg spectroscopy of all of
the above.
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